Eigenmodes of electromagnetic field with perfectly conducting or infinitely permeable conditions on the boundary of a D-dimensional spherically symmetric cavity is derived explicitly. It is shown that there are (D−2) polarizations for TE modes and one polarization for TM modes, giving rise to a total of (D−1) polarizations. In case of a D-dimensional ball, the eigenfrequencies of electromagnetic field with perfectly conducting boundary condition coincides with the eigenfrequencies of gauge oneforms with relative boundary condition; whereas the eigenfrequencies of electromagnetic field with infinitely permeable boundary condition coincides with the eigenfrequencies of gauge one-forms with absolute boundary condition. Casimir energy for a D-dimensional spherical shell configuration is computed using both cut-off regularization and zeta regularization. For a double spherical shell configuration, it is shown that the Casimir energy can be written as a sum of the single spherical shell contributions and an interacting term, and the latter is free of divergence. The interacting term always gives rise to an attractive force between the two spherical shells. Its leading term is the Casimir force acting between two parallel plates of the same area, as expected by proximity force approximation.
I. INTRODUCTION
This decade has observed a tremendous progress in the research in Casimir effect. One of the motivations comes from the wide applications of Casimir effect in other areas of physics [1] . Besides, successful experimental verifications of this quantum effect by various groups of researchers have greatly stimulated the research in this area. Before the turn of this century, the research in Casimir effect focused on simple geometric configurations such as parallel plates, rectangular, spherical and cylindrical geometries, where specific coordinate systems are available for explicit solutions of the corresponding energy spectrums. For more complicated configurations such as sphere-plate configuration, approximation methods like proximity force approximation have to be employed to approximate the Casimir force. In this decade, more attention was paid to numerically calculate the Casimir energy or Casimir force between arbitrary compact objects. Various methods have been proposed such as the semiclassical method, the worldline method and the multiple scattering approach.
Most of the works in Casimir effect, especially those involve real materials considered (3+1)-dimensional Minskowski spacetime. Nevertheless, the exploration of Casimir effect in higher dimensional spacetime has a long history. One of the pioneering works is the work by Ambjørn and Wolfram [2] , where they derived Casimir energy for massless scalar field and massless vector field (electromagnetic field) in a D-dimensional rectangular cavity. Despite of the long history, the research on Casimir effect in higher dimensional spacetime has been focused on massless scalar field. Relatively few works have considered massless vector field since the eigenmodes are harder to solve compared to the scalar case. Very often the results for vector field were incorrectly claimed as a simple multiple of the results for scalar field. Except for the configuration of a pair of parallel hyperplanes, this claim is not true. In case of D-dimensional rectangular cavity, this can be seen from the results of [2] .
Motivated by Casimir's intriguing model for electron [3] , Boyer [4] calculated the Casimir force acting on a perfectly conducting three dimensional spherical shell and found that it is repulsive. This result has later been confirmed by several groups of researchers [5] [6] [7] [8] [9] [10] [11] [12] using different methods. In this case, the eigenmodes can be divided into transverse electric (TE) modes and transverse magnetic (TM) modes. Except for the absence of the l = 0 modes, the TE modes is the same as the eigenmodes for massless scalar field with Dirichlet boundary conditions, and the TM modes correspond to the eigenmodes of massless scalar field with Robin (mixed) boundary conditions with a suitable Robin parameter. For massive scalar field confined in the interior and exterior of a three dimensional spherical surface, the Casimir energies are computed in [13] . The extension to higher dimensions was first carried out in [14] , where the Casimir stress acting on a D-dimensional spherical shell was computed for massless scalar field using Green's function method. This was later reconsidered in [15] using zeta function method. An attempt to generalize this result to massless vector field was carried out in [16, 17] . By analogy with the D = 3 case, the Casimir stress acting on a D-dimensional perfectly conducting spherical shell is divided into contribution from TE modes and TM modes, where the contribution by TE modes is equated to the contribution by massless scalar field with Dirichlet boundary conditions after the omission of the l = 0 mode, and the contribution by TM modes is equated to the contribution by massless scalar field with Robin boundary conditions with a suitable Robin parameter. Later in [18] , a systematic approach for scalar field, spinor field and electromagnetic field in D-dimensional spherical cavity was given, and the numerical results for Casimir energies when 2 ≤ D ≤ 9 were tabulated for these different quantum fields. Although the results for massless scalar field in D-dimensional spherical cavity is authentic, there are some reasonable doubts that can be raised on the results for electromagnetic field. In the work [2] , it was found that the electromagnetic field in a D-dimensional cavity has (D − 1) polarizations. However in [16] [17] [18] , the electromagnetic field only has two polarizations in a D-dimensional spherical cavitiy. In our opinion, this inconsistency is because the electromagnetic field in D-dimensional spherical cavity was considered in [16] [17] [18] as a pure direct generalization of the D = 3 case, without reference to the equation of motion satisfied by electromagnetic field, as was considered in [2] . One of the aims of this article is to resolve this problem.
In a (D + 1)-dimensional Minskowski spacetime with metric
the field strength of electromagnetic field is represented by the two form F = dA = F µν dx µ dx ν . As in [2] , we introduce the potential
A µ dx µ so that
The action is the standard one:
where F µν = g µη g νκ F ηκ , and the equation of motion is
As is well-known, there is a gauge degree of freedom given by
where ϕ is any function. This degree of freedom can be eliminated by imposing the radiation gauge
Under this gauge condition, the equation of motion (1) is equivalent to the Laplace equation
on the one-form A. There has been a work [19] which computed Casimir energy for Laplace operator acting on p-forms (0 ≤ p ≤ D) on a D-dimensional ball B D . The boundary conditions imposed on the boundary of the ball -the (D − 1)-sphere, are the so-called absolute and relative boundary conditions [20] . In spherical coordinates:
. .
the absolute boundary conditions for one-forms on a D-dimensional ball B D read as [19, 21] :
and the relative boundary conditions read as [19, 21] :
However, as a potential for the massless vector field, the boundary conditions imposed on A as discussed in [2] are completely different. In fact, the boundary conditions are imposed on the field F = dA rather than the potential A.
Generalizing the perfectly conducting and infinitely permeable boundary conditions in D = 3 dimension, for any D, the perfectly conducting boundary condition is specified by [2] :
and the infinitely permeable condition is specified by [2] :
Here n µ is the spacelike vector normal to the surface S, and
is the (D − 1)-form dual to F . These two boundary conditions are gauge invariant since d(dϕ) = 0. In terms of the spherical coordinates, the perfectly conducting boundary condition on the boundary of a D-dimensional ball B D can be explicitly written as
and the infinitely permeable boundary condition can be written as
At the first sight, the absolute and relative boundary conditions (5) and (6) and the perfectly conducting and infinitely permeable boundary conditions (7) and (8) are completely different. A result we are going to show in this article is that on a D-dimensional ball, the absolute boundary condition is equivalent to the infinitely permeable boundary condition, and the relative boundary condition is equivalent to the perfectly conducting boundary condition. This gives a physical interpretation to the absolute and relative boundary conditions considered in [19] . After writing out explicitly the eigenmodes of the electromagnetic field in spherical coordinates, we compute the Casimir energy using cut-off regularization and zeta function regularization. The Casimir energy for the region inside the spherical shell and the region outside the spherical shell will be computed separately. The Casimir energy for a single spherical shell configuration is obtained as a sum of the two. In the last ten years, there has been an interest in considering double spherical shell configuration. In [22] , the stress energy tensors for a massless scalar field inside and outside a D-dimensional spherical shell, as well as inside the region between two spherical shells have been computed. This has been generalized to spinor fields and spacetimes with different geometries [23] [24] [25] . In [26] [27] [28] , the Casimir effect due to electromagnetic field with perfectly conducting boundary conditions on two concentric three dimensional spherical shells was considered. In this article, we are going to generalize this to D-dimensions.
The layout of this article is as follows. In Section II, we derive explicitly the eigenmodes of electromagnetic field in D-dimensional spherically symmetric cavity using spherical coordinates. Both perfectly conducting and infinitely permeable boundary conditions are considered. In Section III, we compute the Casimir energy inside a spherical cavity by cut-off and zeta regularizations. In Section IV, we show that the Casimir energy inside an annular region bounded by two spheres can be written as a sum of three terms: the Casimir energy inside the sphere with larger radius, the term that can be interpreted as the (renormalized) Casimir energy outside the sphere with smaller radius, and the interacting term. In Section V, we consider the (renormalized) Casimir energy outside a spherical shell. In Section VI, we consider the Casimir energy of a single spherical system which is the sum of the Casimir energy inside the sphere and the Casimir energy outside the sphere. In Section VII, we consider a double spherical shell system whose Casimir energy is obtained by summing the Casimir energy inside the sphere with smaller radius, the Casimir energy in the annular region between the two spheres, and the Casimir energy outside the sphere with larger radius. Using the result of Section IV, this can be rewritten as the sum of the Casimir energies of the two spheres, and the interacting term. In Section VIII, we present a method to compute the asymptotic behavior of the Casimir force when the separation between the spheres is much smaller than the radii of the spheres. A brief conclusion of the results obtained in this article is given in Section IX.
Throughout this article, we assume that D ≥ 3 and we use the units where = c = 1.
II. EIGENMODES OF THE ELECTROMAGNETIC FIELD IN SPHERICAL COORDINATES
In this section, we will write down explicitly the eigenmodes of the electromagnetic fields in (D + 1)-dimensional spherical coordinates that satisfy the radiation gauge (2) . In spherical coordinates (4), the metric tensor g µν is
and
We want to find explicitly the one forms
which are solutions of the equation of motion (1) subject to the gauge condition (2) . In spherical coordinates, the gauge condition is given by
In spherical coordinates, the equation of motion (1) or the Laplace equation (3) equivalent to (1) under the radiation gauge (10) are quite complicated. We will consider another set of equivalent equations. Adding 2 r G to the Laplace equation (3) when µ = r, we obtain the equation (3) when µ = θ i , we obtain the equation
Notice that (11) only contains A r , and (12) only contains A r and A j with 1 ≤ j ≤ i. To further simplify the problem, we divide the energy eigenmodes of the field F = dA into TE modes and TM modes as in the D = 3 case. Since the component E i of the electric field is identified with F 0i and the component B i of the magnetic field is identified with
, on a D-dimensional ball or annular region, TE modes and TM modes are defined as modes satisfying TE modes :
Interestingly, we find that this division into TE and TM modes are exactly the same as the decomposition
for a one form A satisfying the transversality condition 1 |g| [19, 20] . To be more precise, the condition for TE modes F 0r = 0 is satisfied if and only if A r = 0, and this is exactly the characterization of A T in [19, 20] . For the term A(ϕ), notice that the condition on TM modes (13) implies that the corresponding A can be written as In other words, for 1 ≤ i ≤ D − 1,
This implies that
Since the Laplace operator on scalar functions on the (
the equation for A r (11) and the gauge condition (10) imply that
These are satisfied if and only if
The first equation implies thatφ is an eigenfunction of the Laplace operator on the unit sphere S D−1 , with eigenvalue λ 2 . It is well known that the complete set of eigenfunctions on
Here
is the Gegenbauer polynomial of degree m i and order (D − i − 1)/2 defined by the generating function [30] :
The eigenvalue of Y m (θ) is
For a given l ≥ 0, the degeneracy of the eigenvalue λ
. . . 
With λ 2 = l(l + D − 2), the equation for g(r) (15) becomes
whose general solution is given by
where J ν (z) and N ν (z) are Bessel functions of first and second kind. The third equation in (15) implies that l = 0 and
One can check that g(r) and f (r) given by (17) and (18) satisfy the equation (14) . As a summary, the set of TM modes are given by A t = 0,
It can be written as A(ϕ), where
is an eigenfunction of the Laplace operator, and
as defined in [19, 20] . For fixed l ≥ 1, the number of TM modes with m 1 = l is equal to b D (l) (16) . Next, we turn to explicit solutions of the TE modes. In this case, A r = 0 and A = e −iωt f (r)Ã for some transversal one formÃ on the unit sphere. The set of transversal one forms on a unit sphere S D−1 has been constructed in [31] [32] [33] using more sophisticated language and the results have been employed in [19, 20] . In fact, we can directly solve the system of equations (11) and (12) for {A r , A θi , 1 ≤ i ≤ D − 1}. The form of the equations (11) and (12) allows us to solve for A r , A θ1 , . . . , A θD−2 , A φ one by one using separation of variables. The technique is similar to solving the eigenvalue equation for Laplace equations on functions in spherical coordinates. Using the fact that
one can show that the TE modes can be divided into (D − 2) sets corresponding to (D − 2) polarizations, where for 1 ≤ i ≤ D − 3, the i th set is given by
and the (D − 2) th set is
Observe that for 1 ≤ i ≤ D − 3, the i th set can be considered as constructed from the transversal one forms on S
which satisfies A θi = 0. For fixed l ≥ 1, the number of TE modes with m 1 = l is given by
where h D;i (l) is the number of modes in the i th -set with m 1 = l, given by
. . .
. . . It is easy to see that
Using this, one can show by induction on D and l that
in agreement with the result in [31] . Since we find (D − 2) polarizations for the TE modes, and one polarization for TM modes, we have altogether (D − 1) polarizations as expected for electromagnetic field in D-dimensional space.
Next we turn to the questions of imposing boundary conditions. In the case the electromagnetic field is confined in a D-dimensional spherical cavity of radius a, the regularity of the field at the origin r = 0 requires that the coefficient C 2 in the field modes (19) , (20) and (21) vanishes. The perfectly conducting boundary condition (7) is then satisfied if and only if for the TE modes,
(ωa) = 0, and for the TM modes,
One can check directly that these coincide with the relative boundary conditions (6) . On the other hand, the infinitely permeable conditions (8) are satisfied if and only if for the TE modes, 
(ωr)
Between two spheres with radius a < b
(ωr) 
and for the TM modes,
One can check directly that these coincide with the absolute boundary conditions (5). Thus the Casimir energies computed in [19] can be interpreted as the Casimir energies in the interior of a D-dimensional spherical cavity with perfectly conducting boundary conditions on the spherical boundary (corresponding to relative boundary conditions) or with infinitely permeable boundary conditions on the spherical boundary (corresponding to the absolute boundary conditions). For electromagnetic fields confined between two concentric spheres with radii a and b, where 0 < a < b, the boundary conditions on the surface r = a and on the surface r = b give rise to a system of equations satisfied by C 1 , C 2 . For perfectly conducting conditions on both shells, we have TE modes:
The TE modes and TM modes are those ω which give rise to nontrivial solutions of C 1 , C 2 , i.e., they satisfy TE modes:
Similarly, for infinitely permeable boundary conditions on both shells, the TE and TM modes are solutions of the following equations:
TM modes:
The results of this section are summarized in Table I and Table II . Notice that when D = 3, h 3 (l) = b 3 (l) = 2l + 1, the TE modes for perfectly conducting boundary conditions is the same as the TM modes for infinitely permeable boundary conditions, and the TM modes for perfectly conducting boundary conditions is the same as the TE modes for infinitely permeable boundary conditions. Therefore when D = 3, the Casimir energy for perfectly conducting boundary condition is the same as the Casimir energy for infinitely permeable boundary condition. This duality does not hold for D > 3.
III. CASIMIR ENERGY INSIDE A SPHERICAL SHELL
In this section, we consider the Casimir energy inside a D-dimensional spherical cavity of radius a with perfectly conducting boundary and with infinitely permeable boundary. As mentioned in the previous section, the Casimir energy has been computed in [19] under the context of absolute and mixed boundary conditions using zeta regularization method. Here we compute the Casimir energy using cut-off regularization.
Using the cut-off regularization method, the Casimir energy inside a spherical shell of radius a is given by
where λ is a cut-off parameter. Introducing the zeta function
it is standard to show that up to the λ 0 term, 
is the finite part of the zeta function ζ int (s) at s = − 1 2 . In the zeta regularization scheme, the terms with negative powers in λ are omitted. The zeta regularized Casimir energy is defined as
Here µ is a normalization constant. The 1/ε + log µ 2 term is the ambiguity arises when ζ int (s) has pole at s = − 1 2 .
Systematic method has been developed in [13, 19, [34] [35] [36] for computing the zeta functions in spherical geometries. Since the computation is quite involved, we leave it to Appendix A. Using the fact that the Hurwitz zeta function ζ H (s; χ) (A8) has only one pole at s = 1 with residue 1, we can readily find the heat kernel coefficients (23) Table III and Table IV . The finite part of the zeta function ζ int (s) at s = − 1 2 can also be calculated directly from (A9). The result is listed in Table V . For 3 ≤ D ≤ 6, we find that our result is in good agreement with the result in [19] . Notice that ζ int (s) = a 2sζint (s), whereζ int (s) is independent of a. Therefore,
The presence of the log a term indicates the ambiguity in defining zeta regularized Casimir energy.
IV. CASIMIR ENERGY IN THE ANNULAR REGION BETWEEN SPHERICAL SHELLS
In this section, we consider the Casimir energy inside the annular region between two spherical shells in Ddimensional space with radius a and b, where a < b. The Casimir energy outside a D-dimensional spherical cavity with radius a is obtained by taking the limit b → ∞.
As in the previous section, the Casimir energy inside the annular region between two spherical shells with radius a 
and b, where a < b, is given by
As before,
Using the same approach as in Appendix A, we find that for perfectly conducting boundary condition,
for infinitely permeable boundary condition,
where
Using the fact that H
(1)
, where I ν (z) and K ν (z) are the modified Bessel functions of the first kind and second kind (see [30] ), one finds that
Notice that these can be written as
Correspondingly, the zeta function ζ ann (s) (24) can be decomposed into three terms
which gives rise to the decomposition of the Casimir energy:
As seen from Appendix A, E Therefore, E ext Cas (a) is identified with the Casimir energy outside a spherical shell of radius a (which has been renormalized by subtracting away the Casimir energy of the free space). We call E inter Cas (a, b) the interacting term of the Casimir energy between the spherical shells.
We consider the Casimir energy outside a spherical shell E ext Cas (a) and the interacting term E inter Cas (a, b) separately in the following sections.
V. CASIMIR ENERGY OUTSIDE A SPHERICAL SHELL
The computation of the Casimir energy outside a spherical cavity of radius a follows the same way as the computation for the Casimir energy inside the spherical cavity. We leave it to Appendix A. It can be shown explicitly that for Table VI and Table VII. Compare to Table III and Table IV , we find that (26) does not hold for i = D, but it still holds for i = D − 1, D + 1 and D even when 3 ≤ D ≤ 9. It seems that the latter will be true for all D ≥ 3 but we don't know a proof for it when D is even.
The value of the finite part of the zeta function ζ ext (s) at s = − 1 2 can be computed from (A13) and the results for 3 ≤ D ≤ 9 are listed in Table VIII .
VI. TOTAL CASIMIR ENERGY OF A SPHERICAL SHELL
In this section, we consider the Casimir energy of a single spherical shell system. The Casimir energy for a perfectly conducting spherical shell or an infinitely permeable spherical shell is the sum of the Casimir energy inside the spherical shell and the Casimir energy outside the spherical shell. In the cut-off scheme, we find that divergence is always present in the cut-off regularized Casimir energy. The leading divergence is of order λ −D . In order to obtain a physically meaningful vacuum energy, one need to remove the divergence by some renormalization procedures.
In the zeta regularized scheme, the Casimir energy is defined as When D = 3, we have the well-known result that the Casimir force is repulsive. However, for 4 ≤ D ≤ 9 an odd dimension, we notice from Table IX that the Casimir force is attractive for perfectly conducting boundary condition, and repulsive for infinite permeable boundary condition.
VII. CASIMIR EFFECT OF DOUBLE SPHERICAL SHELL CONFIGURATION
In this section, we consider two concentric spherical shells of radius a and b respectively, where a < b. The total Casimir energy of such a system is the sum of the Casimir energy inside the sphere of radius a, the Casimir energy inside the annular region bounded by the two spheres, and the Casimir energy outside the sphere of radius b. Namely, Therefore, we can rewrite the total Casimir energy of a double spherical shell system as
which is the sum of the Casimir energy of a single spherical shell of radius a, the Casimir energy of a single spherical shell of radius b, and the interacting term E inter Cas (a, b). The Casimir energy of a single spherical shell has been discussed in the previous section. We find that using cut-off regularization, it does not have divergence only when D = 3. Using zeta regularization, the Casimir energy does not have divergence for all odd D. When D = 3, both the cut-off regularization and zeta regularization yield the same result.
Using cut-off regularization, we have as before,
up to the term constant in λ. Here
In Appendix A, we show that ζ inter (s) is analytic for all s. Therefore, when 0 ≤ i ≤ D − 1 or i = D + 1, the contribution to
comes only from ζ single (s; a) and ζ single (s; b) . Therefore, the λ → 0 + divergence term of the Casimir energy E double Cas (a) is a sum of the divergence term for a single spherical shell of radius a and the divergence term for a single spherical shell of radius b. As a result, the divergence vanishes only if D = 3.
Since the single shell contributions to the Casimir energy have been discussed in the previous section, we focus our attention on the interacting term. From the result of (A17) in Appendix A, we find that for perfectly conducting boundary condition, the interacting term of the Casimir energy is
For infinitely permeable boundary condition,
The contribution of the interacting term to the Casimir force acting on the shell with radius a is given by
In case of perfectly conducting boundary condition,
In case of infinitely permeable boundary condition,
Notice that the function , we find that
These imply that ∆ a,ν(l) D (z; a, b) and ∆ a,ν(l) R,c (z; a, b) are nonnegative functions of z when z ≥ 0. As a result, we find that for either perfectly conducting or infinitely permeable boundary conditions, the interacting term of the Casimir energy gives rise to a force acting on the inner shell that tend to push the inner shell towards the outer shell.
Next we consider the interacting term of the Casimir force acting on the outer shell with radius b. This is given by
For perfectly conducting boundary condition and infinitely permeable boundary condition, we have respectively
Here . Therefore, the minus signs in front of the integrals in (30) and (31) imply that the interacting term of the Casimir energy always gives rise to a force acting on the outer shell that tends to push the outer shell towards the inner shell. Combining with the result about the interacting term of the Casimir force on the inner shell, we find that the interacting term of the Casimir energy gives rise to a Casimir force that attracts the two shells to each other. Taking into account the single shell contribution, the Casimir force can only be unambiguously regularized in the context of cut-off regularization when the space dimension is D = 3. In this case, we see that acting on the inner shell with radius a, the total Casimir force is
Therefore it is always positive (pointing outward). However, for the outer shell of radius b, the total Casimir force is
The first term is positive but the second term is negative. It is easy to show that when
R,c (z; a, b) approach positive infinity, and when b → ∞, they approach zero exponentially fast. Therefore, for b close to a, the Casimir force acting on the outer shell F b Cas (a, b) is negative (pointing inward). However, for fixed a, when b is large enough, the Casimir force will become positive. There is an equilibrium point where the force is zero but it is unstable. Numerical simulation shows that the equilibrium point appears at b/a = 5.55857 correct to five decimal places. If the space dimension D is odd, one can also discuss the sign of the total Casimir force acting on the two shells in the similar way under the context of zeta regularization.
VIII. ASYMPTOTIC BEHAVIOR OF THE CASIMIR FORCE FOR SMALL SEPARATION OF SHELLS
In this section, we consider the asymptotic behavior of the Casimir force when the separation between the plates d = b − a is small compared to the radii of the spheres. Since the single shell contribution to the Casimir force does not depend on the plate separation, we only consider the interacting term. We first consider the force acting on the inner shell. By a change of variable, we find that in case of perfectly conducting boundary conditions, the interacting term is given by
Using Debye uniform asymptotic expansions of the Bessel functions (A4) and (A11), we find that as ν → ∞,
p ni (z; a, b) and q ni (z; a, b) are polynomials of t(z) = 1/ √ 1 + z 2 and t (bz/a) that vanish when b → a. Using the convention p n0 (z; a, b) = q n0 (z; a, b) ≡ 1, (33) implies that
for large enough µ. Notice that
Therefore the integral in z in the last line of (34) is convergent as long as s > 2. Let
The leading term of (34) when γ → 0 is given by the term with i = 0, j = D − 2 which gives rise to a pole of
We find that this leading term is
By definition x D;j = 2/(D − 3)!. On the other hand, to the first order in γ,
Therefore, the leading term of (35) when γ → 0 is given by
In the similar way, one can show that the leading contribution of the second term in (32) when γ → 0 is given by
Summing up, we find that as the separation between the shells d goes to zero, the leading term of the Casimir force is
is the surface area of the sphere of radius a. For infinitely permeable boundary condition, the same derivation shows that the leading term of the Casimir force when γ is small is also given by (36) . If we consider the Casimir force acting on the outer spherical shell, then the leading term is given by the negative of (36), which signifies a force in the opposite direction. It is well-known that (see e.g. [2] and [39] )
is the magnitude of the attractive Casimir force per unit area acting between two parallel plates due to massless scalar field with Dirichlet boundary condition. Multiplying by the factor (D − 1) gives the magnitude of the Casimir force density due to electromagnetic field, where the factor (D − 1) accounts for the different polarizations of photon in D dimensional space. Therefore the analysis in this section shows that in the limit γ = (b − a)/a is small, one finds that the leading term of the Casimir force per unit area between two concentric spherical shells is the Casimir force per unit area acting on a pair of parallel plates. This is a verification of the proximity force approximation [40, 41] .
The lower order corrections to the proximity force approximation can be computed from (34) by expanding η bz a − η(z) and p ni (z; a, b) in terms of γ. The computation is quite involved and we leave it to the interested readers.
IX. CONCLUSION
This work considers electromagnetic field in D-dimensional spherically symmetric cavities subject to perfectly conducting or infinitely permeable boundary conditions. We derive explicitly the eigenmodes of electromagnetic field in D-dimensional spherical coordinates. The field modes are divided into TE modes and TM modes, and it is shown that TE modes can be decomposed into (D − 2) polarizations, whereas TM modes only have one polarization. In total, there are (D − 1) polarizations as one should expect. Although perfectly conducting and infinitely permeable boundary conditions are defined in terms of the two form F µν dx µ dx ν which represents the strength of the field, it is shown that in D-dimensional spherically symmetric cavities, the perfectly conducting and infinitely permeable boundary conditions are equivalent respectively to the relative and absolute boundary conditions on the potential one form A = A µ dx µ defined by Gilkey [20] . The Casimir energies in the inside and outside of a spherical shell are computed using both cut-off regularization and zeta regularization. The sum of the inside and outside contributions is the Casimir energy of a single spherical shell system. It is observed that when the space dimension is D = 3, the Casimir energy computed using either cut-off regularization or zeta regularization are divergence free and hence agree. When D ≥ 4, divergences always present in cut-off regularization. However, using zeta regularization, divergences are only present when D is even, as is the case for massless scalar field. The heat kernel coefficients that appear in the divergences in the cut-off regularized Casimir energy are tabulated for 3 ≤ D ≤ 9. Casimir energies of the interior and exterior, and the Casimir energy of a single shell are also tabulated for 3 ≤ D ≤ 9. The results disagree with those tabulated in [1, 18, 36] for the case of perfectly conducting boundary conditions since the TE modes are equated to modes of massless scalar field with Dirichlet boundary conditions in [1, 18, 36] , which does not give rise to the correct number of polarizations. However, when 3 ≤ D ≤ 7, the values of the zeta regularized Casimir energies inside the spherical shell agrees with those computed in [19] .
For the system of two spherical shells with radii a and b, the total Casimir energy can be written as a sum of the single shell contribution from the inner shell, the single shell contribution from the outer shell, and an interacting term. It is shown that the interacting term always gives rise to a Casimir force that attracts the two shells to each other. When the separation between the shells d = b − a is much smaller than the radii of the shells, the Casimir force behaves like (d/a) −D−1 . The leading term of the Casimir force per unit area is equal to the Casimir force per unit area acting between two parallel plates, as what one would expect from proximity force approximation.
Appendix A: Zeta Functions
In this section, we compute the zeta functions that appear in the expressions of the Casimir energies. We follow the same approach as in [13, 19, [34] [35] [36] .
Zeta function for Casimir energy inside a spherical shell
For Casimir energy inside a spherical shell, the corresponding zeta function is
where ω TE lj and ω TM lj are the TE and TM modes (see Table I and Table II) . Using residue theorem, we find that for perfectly conducting boundary condition,
and for infinitely permeable boundary condition,
where γ is the contour consists of the line x + iε, x = ∞ → 0, followed by the semicircle εe iθ , θ = π 2 → 3π 2 , followed by the line x − iε, x = 0 → ∞. The factor z −ν is introduced to cancel the zeros of J ν (z) at z = 0. The constant m > 0 is introduced to simplify the manipulation of the integral. At the end, m is set to zero. Using the fact that
, where I ν (z) is the modified Bessel functions of the first kind (see [30] ), one finds that
R,c (s), one needs the Debye uniform asymptotic expansions of the Bessel function I ν (νz) and I ′ ν (νz) [37, 38] : For fixed z, as ν → ∞,
and u k (t) and v k (t) are defined recursively by
It can be shown that u k (t) and v k (t) are polynomials in t of the form
It can be shown that D n (t) and M n (t) are polynomials of t of the form:
From (A4) and (A5), we have
Similarly,
Here N is any positive integer. Using (A6) and (A7), we can write the zeta functions ζ 4 ;
Now notice that b D (l) and h D (l) can be expanded as 
be the Hurwitz zeta function. From (A2) and (A3), we find that in the case of perfectly conducting boundary condition, the zeta function (A1) can be written as
Here 
The function u k (t), v k (t), η(z), t(z) are defined in the previous section. Eq. (A11) implies that 
From these, we find that for perfectly conducting boundary condition, as before. It is easy to write down the corresponding expressions for infinitely permeable boundary conditions. 
The Debye uniform asymptotic expansions (A4) and (A11) for I ν (νz) and K ν (νz) show that as ν → ∞,
The function
is < 1 for all z. Due to the power 2ν on this function, we find that by setting m = 0 directly, the first function on the right hand side of (A15) is analytic for all Re s < 1 2 . It can be analytically continued to the whole plane using standard tricks. The possible poles of the integral appear at s = 1, 2, . . . are canceled by the zeros of sin(πs) at these points. This shows that ζ 
